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ABSTRACT: We give a proof of the recently proposed formula for the dyon spectrum in
CHL string theories by mapping it to a configuration of D1 and D5-branes and Kaluza-
Klein monopole. We also give a prescription for computing the degeneracy as a systematic
expansion in inverse powers of charges. The computation can be formulated as a problem
of extremizing a duality invariant statistical entropy function whose value at the extremum
gives the logarithm of the degeneracy. During this analysis we also determine the locations
of the zeroes and poles of the Siegel modular forms whose inverse give the dyon partition
function in the CHL models.
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1. Introduction

There exists a proposal for the exact degeneracy of dyons in toroidally compactified het-
erotic string theory [[]-[f] and also in toroidally compactified type II string theory [] in
four dimensions. These formule are invariant under the S-duality transformations of the
theory, and also reproduce the entropy of a dyonic black hole in the limit of large charges [£].
Ref. proposed a proof of this formula by first relating this to a five dimensional D1-D5
system and then counting the degeneracy of this system.

In [[]-[ this conjecture was generalized to a class of CHL models [[]—[[J], obtained
by modding out heterotic string theory on 72 x T by a Zy transformation that involves
1/N unit of translation along one of the circles of 72 and a non-trivial action on the
internal conformal field theory (CFT) describing heterotic string compactification on 7.
The values of N considered in [ were N =1,2,3,5,7, with N = 1 representing toroidal
compactification. The conjectured formulze for the dyon spectrum are invariant under



the duality symmetries of the theory, and also reproduce the black hole entropy for large
charges up to first non-leading order.

The goal of this paper is twofold. First we shall give a ‘proof’ of the conjectured
formula by relating the dyons in the four dimensional CHL models to a D1-D5 system
in five dimensional CHL models. Although the basic idea behind our analysis is similar
to that of [J], the details are different and even for the N = 1 case our proof does not
reduce exactly to that given in [J] (see [{] for an attempt to generalize the analysis of [f] to
CHL models). The other goal will be to develop a systematic procedure for extracting the
asymptotic behaviour of the degeneracy formula as a series in inverse powers of charges
and non-perturbative corrections. During this analysis we find that the statistical entropy,
defined as the logarithm of the degeneracy, is obtained by extremizing a function. We
call this function the statistical entropy function in analogy with the black hole entropy
function whose extremization gives the entropy of an extremal black hole. The analogy in
fact goes further since we show that up to first non-leading order the statistical entropy
function of the dyons matches the entropy function of extremal black holes carrying the
same charges.

Since the analysis involves a lot of technical details, we have organised the paper such
that only the basic ideas are presented in the text and all technical details are relegated to
the appendices. In § | we describe how the dyons in four dimensional CHL models can be
related to a D1-D5 system in five dimensional CHL models. In § |3 we count the degeneracy
of the D1-D5 system under consideration and show that the result of this analysis agreees
with the conjecture given in [}, §. Finally in § f] we develop a systematic procedure for
extracting the asymptotic behaviour of the degeneracy in the limit of large charges.

2. Dyons from D1-D5 system

In this section we shall follow the method of [f] to relate the dyons in a four dimensional
CHL model to a rotating D1-D5 system in a five dimensional CHL model. The steps
leading to this relation are as follows.

1. Begin with type IIB string theory on K3 x S! with Q5 D5-branes wrapped on K3 x
S1, Q1 Dl-branes wrapped on S', —n units of momentum along S! and angular
momentum .J; and Jo in two independent planes with J; + Jo = J [E]1 Since a
K3-wrapped D5-brane carries —1 unit of D1-brane charge, this system has Q1 — Q5
units of D1-brane charge along S'. For definiteness we shall choose the coordinate
along S such that it has period 27.2

2. Now place this system at the center of Taub-NUT space with coordinates of the
Taub-NUT space transverse to K3 x S'. The orientation of the Taub-NUT space is

'Tf we identify the tangent space group SO(4) of the four transverse spatial dimensions to SU(2)r x
SU(2)r, then J can be identified with twice the U(1)r generator of SU(2)r.

2Note that in our convention supersymmetry acts on the right-moving sector of the D1-D5 world-volume
theory, 1.e. on modes carrying positive momentum along S*. Thus a BPS state will involve only excitations
involving modes with negative or zero momentum along S*.



chosen such that the isometry direction of the Taub-NUT geometry that becomes the
compact direction S in the asymptotic region coincides with the angular coordinate
¢ along which the black hole rotates [[I]]. The new configuration now corresponds
to a state in type IIB string theory on K3 x S! x St with Q5 D5-branes wrapped
on K3 x S, (Q1 — Qs) units of D1-brane charge along S!, —n units of momentum
along S!, a Kaluza-Klein monopole associated with the compact coordinate St and
J units of momentum along St

3. Make an S-duality transformation on this system to get type IIB string theory on
K3 x St x S! with Qs NS5-branes on K3 x S, (Q1 — Qs) units of fundamental string
winding charge along S', —n units of momentum along S', J units of momentum
along S 1 and a Kaluza-Klein monopole associated with St compactification.

4. Now make an R — 1/R duality transformation along S! to convert the theory into
IIA on K3 x S* x 8! with @5 Kaluza-Klein monopoles associated with St compact-
ification, (Q1 — Q) umits of fundamental string winding charge along S!, —n units
of momentum along S, J units of fundamental string winding charge along S*, and
a single NS5-brane wrapped on K3 x S!. Here S denotes the dual circle of S.

5. Finally using the string-string duality [[L§ -RJ] relating heterotic on 7% to type ITA
string theory on K3, we can map this system to heterotic string theory on T4 x St x St
with Q5 Kaluza-Klein monopoles associated with S! compactification, (Q1—Q5) units
of NS5-brane charge along 7% x S', —n units of momentum along S', J units of NS5-
brane charge along K3 x St and a single fundamental string wrapped on S'. If
Q. and @, denote the electric and magnetic charge vectors respectively, then this

system has 1 Q2 = (Q1 — Q5)Qs, 2Q2 = n, and Qe.Qu, = J.

Now we can mod out both sides of the duality by a Zy transformation which, in the
original theory, involves 27/N translation along S' and some order N transformation g
acting on K3 that commutes with all the space-time supersymmetry transformations. In
the final heterotic string theory the Zy transformation acts as 27 /N translation along S!
together with some Zy action on the coordinates of T and the 16 left-moving internal
bosonic coordinates. In order to get a Zn invariant configuration so that we can carry out
the Zpy modding, we need to put periodic boundary conditions on all the branes which
extend along S!, and take N identical copies of all the branes transverse to S' and place
then at intervals of 27/N along S'. The latter set includes the five branes along K3 x S ¥
we need to take N.J five branes and place them at intervals of 2r/N along S'. After
orbifolding the direction along S can be regarded as a circle of radius 1/N, and we shall
have J five branes per unit period transverse to S'. The natural unit of momentum along
St is now N, and momentum —n along S* can be regarded as —n/N units of momentum.
The other charges have the same values as in the parent theory. This gives %Qz =n/N.
Q?, and Q. - Q,, remain unchanged from their original values. Thus we have

SR =n/N. L@ = Q- Q50 Qe Qu=1. 1)



One point to note is that since we have a single fundamental string along S', a Zy
modding would correspond to requiring that under a shift of 27/N along S! the non-
compact coordinates of the string transverse to S' come back to their originl values and
the coordinates of the string along K3 come back to the image of the original location
under the Zy generator g acting on K3. This represents a twisted sector state in the
orbifold theory. This is consistent with the assertion of [[f] that the proposed answer for the
degeneracy of dyonic states is valid only for states which carry electric charges compatible
with twisted sector states.

This analysis shows that the problem of computing degeneracy of dyons in the four
dimensional CHL model can be reduced to the problem of computing the degeneracy of
a rotating D1-D5 system in Taub-NUT space, carrying momentum along the direction
common to the D1-brane and the D5-brane. We shall now turn to the problem of computing
degeneracy of this system.

3. Counting of states of the rotating D1-D5 system in Taub-NUT space

In this section we shall compute the degeneracy of the D1-D5 system described in the
previous section. For simplicity we shall restrict our analysis to the Q5 = 1 case, — the
generalization of this analysis to the Q5 # 1 case has been discussed in appendix [D]. In this
case an intuitive picture of the states of the D1-D5 system may be given as follows [4].
First of all dynamics of the 1-5 strings produces an effective binding between the D1 and
D5 which forces the D1-branes to move in the plane of the D5-brane. Thus the only zero
modes of the D1-brane associated with the transverse directions are those along K3. A
generic state of the system will contain a certain number of isolated D1-branes in the plane
of the D5-brane, with the i-th D1-brane wound w; times along S! and carrying momenta
—1; along S! and j; along 51, with w;,l;,j; € Z. The BPS condition will also require
w; > 0, [; > 0. The overall motion of the D1-D5-system in Taub-NUT space can carry
some additional momentum —I; along S' and j, along S'. Furthermore the low energy
dynamics of closed string modes localized near the core of the Taub-NUT space can also
carry some momentum —[(, along S 1.3 Thus we have the constraint

Swi=Q1,  l+lb+d Li=n jo+> ji=J. (3.1)

Each of the systems described above must satisfy the boundary condition that under a
translation along S' by 27/N its oscillation modes along K3 get twisted by g.

Our goal is to compute the degeneracy of the D-brane system described above. In fact
what we shall really compute is not the degeneracy, but an appropriate index defined as
follows. First of all the D1-D5-Kaluza Klein monopole system in type IIA on K3 x S x St
breaks twelve of the sixteen supercharges of the bulk theory. Thus there will be twelve
fermionic zero modes associated with the broken supersymmetry generators. Quantization

3Localized low energy excitations around the Taub-NUT space do not carry any momentum along St
They can carry fundamental string winding charge along S* [@], but for the configuration which is of
interest to us, these charges vanish.



of these fermion zero modes produce a 26 = 64-fold degeneracy of states. These states
form a single irreducible multiplet of the supersymmetry algebra known as the intermediate
multiplet containing equal number of fermionic and bosonic states. This is then tensored
with the states obtained by quantizing the rest of the degrees of freedom of the theory
to get the full spectrum. If the state that is tensored with the basic supermultiplet is
bosonic we shall call this a bosonic supermultiplet and if this state is fermionic we shall
call this a fermionic supermultiplet. In other words we shall call a supermultiplet bosonic
(fermionic) if the highest spin state in the supermultiplet is bosonic (fermionic). We shall
denote by h(Q1,n,J) the number of bosonic supermultiplets minus the number of fermionic
supermultiplets of the system described above carrying quantum numbers (Q1,n,.J). By
an abuse of notation we shall continue to refer to this number as the degeneracy of states.

We shall first analyze the degeneracy di i (1)) associated with the low energy dynamics
of the taub-NUT space, carrying momentum —I(, along S1. Under the duality transfor-
mation described in section f] the Taub-NUT space gets mapped to a fundamental string
wound once along S* and carrying momentum —Ijj along S' in heterotic string theory on
(T*x SY)/ Zy x S*. Since this is a twisted sector state, the problem of computing d ¢ (1))
reduces to the problem of computing the degeneracy of twisted sectors states in this string
theory. This has been done in appendix [A] and the result is

o
ZdKK(l{))@Qm%ﬁ — 16 e—2mib H {(1 _ eQm‘nﬁ)*N%l(l _ eQm‘nNﬁ)*N%l} (3.2)
I, n=1

The Taub-NUT space breaks eight of the sixteen supersymmetry generators in type I1B
string theory on K3. This gives rise to eight fermonic zero modes. The factor of 16 in (B.9)
arises from the quantization of these zero modes.

Next we turn to the degeneracy doas(lo, jo) associated with the overall motion of the
D1-D5-system in Taub-NUT space carrying momentum —Ig along S' and jy along S'. The
low energy theory describing the overall dynamics of the D1-D5 system in Taub-NUT space
is that of a supersymmetric o-model with Taub-NUT target space, the coordinate along S!
being identified as the world-sheet o coordinate of this supersymmetric field theory. Since
S/ Zy has period 27 /N, the natural unit of momentum along o is N. As a result a BPS
state of the D-brane system carrying momentum —Ig correponds to Lo = lo/N, Lo = 0.* On
the other hand the momentum jg along S! s the U(1) charge associated with the angular
direction of the Taub-NUT space which becomes the compact circle asymptotically. The
degeneracy of such states has been computed in appendix [B], and the result is

Z denr(lo, jo)e2™loP+2midol — 4 o=2mib (] _ o=2mi0)=2

lo,jo

oo
H {(1 _ 62man))4 (1- ezm'nNﬁJrzm'ﬁ)a 1- 627rmNﬁf2m@)72}

n=1

4Throughout this paper Lo and Lo of a state in a CFT will denote the left and right-moving world-sheet
momenta with a normalization in which the world-sheet coordinate o has period 2w. In RR sector we
implicitly subtract the factors of ¢/24 (¢/24) from Lo (Lo) which arise in going from the sphere to the
cylinder coordinates.



(3.3)

The D1-D5 system in K3xTaub-NUT space breaks four of the eight supersymmetry gen-
erators of type IIB string theory on K3 x Taub-NUT. Quantization of the associated zero
modes gives rise to the factor of 4 in (B.3). The factor of 16 in (B.4) and 4 in (B.3) together
provides the 64-fold degeneracy of a 1/4 BPS supermultiplet. As pointed out earlier, these
64 states contain equal numbers of bosons and fermions. After factoring this out we count
the rest of the states with weight +1 for bosons and weight —1 for fermions.

Let us now turn to the computation of the degeneracy n(w,l,j) of a single D1-brane
moving inside the D5-brane, carrying winding w, momentum —! and angular momentum
j. We denote by o the coordinate along the length of the D1-brane, o being normalized so
that it coincides with the target space coordinate in which the original S* had period 2.
Since the D1-brane carries winding charge w, o changes by 27w/N as we traverse the whole
length of the string, regarded as a configuration in the orbifold. Under ¢ — o + 27w/N,
the physical coordinate of the D1-brane shifts by 2w /N along S' where

r=w mod N . (3.4)

Zy invariance then requires that under o — o + 27w/N the location of the D1-brane
along K3 gets transformed by §" = g%.

We expect the low energy dynamics of this D-brane system to be described by a
superconformal field theory (SCFT) with target space K3 subject to the above bound-
ary condition. Since the D1-brane is subject to twisted boundary condition with period
27mw/N, the natural unit of momentum on the brane is N/w. Thus a total momentum —I
corresponds to —lw/N unit of momentum and can be identified with the Lo — Lo eigen-
value of the state. Since the BPS condition on the D1-brane corresponds to Ly = 0 we
have Ly = lw/N. Thus we are looking for a state in the SCFT with

The bosonic and fermionic excitations on the brane satisfy identical boundary conditions
in order to preserve space-time supersymmetry. Hence the state belongs to the Ramond-
Ramond (RR) sector. Furthermore the boundary condition described below eq. (B.4) tells
us that the state is twisted by ¢". Finally, since the total momentum along S is —I, under
translation by 27/N along S this state picks up a phase e~2ml/N  Thus the projection
operator onto Zy invariant states is given by

1 N-1 '
N Z ef2msl/N§s ) (36)
5=0

Putting these results together we see that the total number of Z invariant bosonic minus
fermionic states of the single D1-brane carrying quantum numbers w, [, j is given by

1 N-1

N e_QMSZ/NTTRR;gr (gs(—l)F—i_F(SNLO,lwéjJ) i (37)
s=0

n(w,l,j) =



where Trrp.g denotes trace over RR sector states twisted by g", F . F are world-sheet
fermion numbers (which coincide with the space-time fermion numbers) associated with the
left and right-moving excitations on the D1-brane, and J is the U(1) generator associated
with an appropriate R-symmetry current of this conformal field theory® which can be
identified with the angular momentum operator [[]. Insertion of (—1)F in the trace
automatically projects onto Lo = 0 states.

Let us define [§]

1 o .
F(r,s) (T, Z) = NTTRR;@" (gs(_l)F-"-FeQWZTLOeQWZJZ) (38)
Then we have [f]
FOO (7 2) = iA(T 2)
) N ) )
F(O,S) (7-7 z) = m A(T, Z) - N——|—1 B(T7 Z) EN(T) for 1 S S S (N - 1) s
8 2 T+k
Frk) - — 4 E B
:5) = e A+ wa B () B,
for 1<r<(N-1),0<k<(N-1),
(3.9)
e A e G
A — 2 T7Z 37—72 47—72 3.10
(2) = | 5002 T 95(r,02 T a(r,00%) (3.10)
B(1,2) = n(1) "% (1, 2)?, (3.11)
and
12 24 2minineT
En(7) = TN-D O-[Inn(r) —Inn(N7)] =1+ N1 n;ﬂ npe ™M o (3.12)
nl#lbring
F3) (7, 2) has power series expansion of the form [f]
FOdrz) = 3 dn— e, (3.13)
ne #/N,je %
for appropriate coefficients ¢(™*)(4n — j2). From (BY), (B-13) it follows that
R e 87;) = ") (4lw/N — j%) (3.14)
N 'RRg\Y NLo,wd7,j ) = ¢ w J)- :
Hence (B.7) gives
N-1 '
n(w,l,j) = Z e 2SN (18) (41 N — 52, r=w mod N . (3.15)
s=0

°In this case the full R-symmetry group is SO(4) ~ SU(2)z, x SU(2)r and J corresponds to twice the
U(1)r generator of the SU(2)r group.



Using the result for single D1-brane spectrum, we can now evaluate the degeneracy of
multiple D1-branes moving inside the D5-brane. Let dpi (W, L, J’) denote the degeneracy
of this system, carrying total D1-brane charge W = >, w;, total momentum —L = — >, [;
along S! and total angular momentum J’ = >, j;. Then a straightforward combinatoric
analysis shows that

S™ dpy (W, L, )W eoLes) T (1 B e2m’(&w/N+[)l+ﬁj)>_n(w’l’j) . (3.16)
WL Whizo

Let us now turn to the full system containing the D5-brane and multiple D1-branes
in the Kaluza-Klein monopole background. The combinatoric problem to be solved is the
following. We have total quantum numbers (Q1,n,J), to be distributed among multiple
D1-branes moving inside a D5-brane, the overall D1-D5 system and the Taub-NUT space
according to the relation (B.I). The degeneracy associated with the dynamics of (multiple)
D1-branes inside the D5-brane, carrying quantum numbers (W = > w;, L = > 1;, J' =
> ji) is given by dp1 (W, L, J'), the degeneracy associated with the overall dynamics of the
D1-D5 system carrying quantum numbers ly, jo is given by deas(lo, jo) and the degeneracy
associated with the dynamics of the Taub-NUT space carrying quantum number [f) is
given by dear(ly). If h(Q1,n,J) denotes the total number of bosonic minus fermionic
supermultiplets (in the sense described earlier) of the mutiple D1-brane system carrying
quantum numbers (Q1,n,J) and if we define

F(p,6,0) = > h(Q1,n, J)emPrto@=D/NTR), (3.17)
Q1,n,J
then we get
PRPS L TG wi(6 pL+0J’
f(p7 077}) - 6_46 2mio /N Z le(W7L7 Jl)e2 (EW/N+OL+DT)
W,L,J!

Z denr(lo, jo)e* TP H2midot Z dicrc (Ip)e*™ 0P
lo,jo 1

(3.18)

The factor of 1/64 in this equation arises due to the fact that a single 1/4 BPS super-
multiplet is 64-fold degenerate; thus in order to count the number of supermultiplets we
need to divide the total number of states by 64. Using (B.2), (B.3), (B.15), (B.1d) and the

relations [f]

20 2
(0,0) <V 0,0)_q =
00 =2 o0y =2
1 24N 2
C(O’S)(O) = N (20 — N——H> s C(O’S)(—l) = N s fOI’ S = 172, ce (N — 1) s

(3.19)



one can reduce (B.1§) to

f(p,6,0) = (3.20)
N-1 _NN-1 _—27isl/N .(r,s) 22
_ o 2mi(p+5/N+9) H H <1 B 627ri(6k’+[)l+®j)) D=0 € (9 (4lk' — 52)
r=0 &'e Z+4.ljc %
k’,1>0,5<0 for k' =1=0

The k' = 0 term in the last expression comes from the terms involving dopy(lo, jo) and
di i (ly). Comparing the right hand side of this equation with the expression for ®; given

in (C.2) we can rewrite (B.1§) as
F(pr6,0) =~ (3.21)

;1V>k is a weight & modular form of an appropriate subgroup of the Siegel modular group [g].

From (B.17), (B.21) it follows that for n > 0, Q1 > 1, J > 0,

Q1 n, ) = K/éd,ad&d@% exp [~2mi(pn + 5(Q1 — 1)/N +i.7)] |

Py (/A)’ g,0
(3.22)
where 1
K = —N(z’\/ﬁ)—’“—z, (3.23)
and the integration surface C' is the three real dimensional surface:
Imp= My/N, Imdo=DMN, Imo= Ms,
0<Rep<1l, 0<Red<N, 0<Rev<1, (3.24)
My, My and M3 being three large but fixed positive numbers.
Now recall that from the map described in section [, we have for this system
Q:=2n/N, Qp=2Q1—-Q5)Q5=2(Q1—1), J=QcQn- (3.25)

Thus the degeneracy d(Q., Q) of the four dimensional black hole is related to the quantity
h(Q1,n, J) given via egs. (B17), (B21) as

Qe @) = b (@8 + 1,503, Q - Q)

=K /~ dﬁd&d@% exp [—im(PQEN + 6Q2, /N + 20Q. - Q)] -
C

¢k ﬁa &7 /[))
(3.26)

It has been shown in appendix [(J that
1 (p, 6,0) = ©p(6/N, pN, b) . (3.27)



Thus defining new variables:
p=06/N, o=pN, v=710, (3.28)
we can write

dQe, Q) = K /C dﬁd&d’ﬁﬁ exp [—im(pQ2, + Q2 + 20Qc - Q)] ,

k\p, 0, U)
(3.29)
with the integration surface C' being the three real dimensional surface:
Imﬁ:Ml, Im5:M2, ImﬂzMg,
0<Rep<1l, 0<Redc<N, 0<Rev<l. (3.30)

This agrees with the proposal put forward in [[]—[].

Although this formula has been derived for Q5 = 1, a more systematic analysis based
on mapping the low energy dynamics of the D1-D5 system to a conformal field theory with
the symmetric product of (Q1 — Q5)Q@5+1 copies of K3 as the target space [R4] can be used
to show that the final formula holds for general Q5. This has been done in appendix D).

4. Asymptotic behaviour of the degeneracy of dyons

In this section we shall develop a systematic method for computing the behaviour of
d(Qe, Qm) given in (B.29) for large charges. As in [l B, [, RJ] we shall try to estimate
the behaviour of this integral for large charges by deforming the integration contour and
picking up residues from the poles. This removes one of the three integrals. The remaining
two integrals will then be performed using a saddle point approximation. At the end of
this process we need to compare the contributions from different poles and identify the one
that gives the dominant contribution in the large charge limit.

The poles of the integrand in (B.29) arise from the zeroes of ®;.. The locations of the

]

zeroes and poles of @ have been determined in appendix [0 According to egs. (E.I§),

([E19), ® has second order zeroes at

no(Gp — 02) + bU + 116 — pmy +mg = 0,

o1
for mieNZ,n € Z,be2Z+1, mo,ng € %, m1n1+m2n2+zzz.

Let us define

1 ~~  ~
A:n2, B:(nla_mlyib)a y:(PaU,—U), C=my, q:( g’ gnaQe'Qm)’
(4.2)
and denote by - the SO(2, 1) invariant inner product

(561,562,563) X (yl,yQ,y?,) _ xlyQ + x2y1 _ 2$3y3 . (43)

,10,



Then we have

=y y=2ps—70°), B-y=bo+ms—mip, (4.4)
and the first equation of (f.1) may be rewritten as
%Ay2+B-y+C:O. (4.5)
Picking up residue at the pole forces us to evaluate the exponent in (B.29)
—im (pQo, + 0Q2 + 20Qc - Qm) = —imq -y, (4.6)

at ([.H). To leading approximation the location of the saddle point is now determined by
extremizing ([.§) with respect to y subject to the condition ([.§). This gives

g+ XAy + B) =0, (4.7)

where ) is a lagrange multiplier. ([L.H) and ({7) now give:

q> 1 /q
= iae =2 (GB) (48)

b? 1
B? —2AC = —2(mini + many + Z) =3 (4.9)

Since

due to the last equation in ([i.1)), we get

A =4/-2¢2, (4.10)

Thus at the saddle point the exponential e "%V takes the form:
F = e—imay — pin(q®/AN+¢-B/A) _ e(im/qQ/?Jriwq-B)/A_ (4.11)

Now since ¢ - B and A are integers, the second term only gives a phase. Hence
|B| = eAVT/2 = ¢mV/Q2Q%—(Qe-Qm)?/m2 (4.12)

Note that we have chosen the sign of the square root so that the sign in the exponent is
positive since this gives the dominant contribution.

Eq. (1.19) shows that the leading contribution to the integral comes from the saddle
point corresponding to ny = 1. In this case a p — p + 1 transformation in (1)) induces
ny — n1 + 1, mg — mo — myq, and since ny € 7, we can use this symmetry to bring the
saddle point to n; = 0. On the other hand a & — &+ N transformation in eq. (1) induces
my1 — m1— N, mg — mo—+n1N. Since m; € N Z, we can use this transformation to bring
my to 0. Finally the v — v+ 1 transformation in ([.1]) induces b — b—2, mg — mo+b— 1.
Since b € 2 Z + 1, we can use this transformation to set b = 1. mg is now determined to
be zero from the last equation in ([1)). Thus we have

m1:m2:n1:0, ’I’L2:1, b=1. (413)
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The corresponding zero of &)k is at
Gp—*+0=0. (4.14)

The exponent of eq. (f.19) for ny = 1 gives the leading term in the expression for the
statistical entropy, but in order to find a systematic expansion of the entropy in inverse
power of charges, we need to carefully evaluate the complete contribution from the pole
at ([.14). For this it will be useful to define new variable p, o, v through the relations:

) (T —1)2 v B
popbr-v o _peZ )T PO AT (4.15)
o o o
or equivalently,
2
_ 1 _
P o, F=—— O (4.16)
20—-p—o0 20—-p—o0 20—p—o0o
In these variables ([.14)) gets mapped to v = 0, and we have, near v = 0 [f],
agk(ﬁ? 576) = 471—2 (2U 2 U)k Uz f(k)(p)f(k) (U) + O(U4) ’
fB () = n(r) 2Nk (4.17)
Also it follows from ([.17), (B.16) that
dpdodv = (2v — p — o) 2 dpdodv . (4.18)

Thus the contribution to (B.29) from the pole at p& — v + v = 0 is given by

K

AQerQu) = o3 [ dpdodon™ o= p =) (1) ()

exp [—iﬂ{MQQ + 1 Q%+ 2(v =) Qe'QmH )

20—p—0c ™ 2w—p—0c’® w—p-—o0

(4.19)

where the integration contour C’ now encloses the divisor v = 0. The correction to this
formula involves contribution from other poles for which no # 1, and are suppressed by
powers of e~ Q% Evaluating the v integral in ([.19) by Cauchy’s formula, we get

K ke [_dpdo
Qe Q) = i (10 [T
| po o L o p—0

D B P T S R e
exp[ i { Gk~ —— Q22 20. Q|

~1nf®(p) ~ I fB(0) ~ (k +2)In(p + o)

(4.20)
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Let us now introduce new complex variables a and S through the relations:
p=a-+1S, oc=—a+1iS. (4.21)
Then (1.20) may be rewritten as

d(Qe, Qm) =~ K (—1)k+QeQm /dea

4 52
(2004 3) + 5 {(0> + 5%)Q2 + Q2 — 20Q. - Q)]

(a® + S%)Q2, + QF — 2aQ. - Q. }

exp

s
25
—Inf®(a+iS) —In f*)(—a +iS) — (k +2) ln(QiS)] . (4.22)

So far we have not specified the contour for a and S integration, except that it must
pass through the saddle point. In the leading approximation the saddle point, obtained by

extremizing

55 100>+ 57)Q0 + Q2 — 20Qe - Qun} (4.23)

occurs for real values of a and S. Thus we can take the contour of integration to be along
the real ¢ and S axis. If we now define

T=—-a+iS=T1 +im, (4.24)
then ({.22) may be reexpressed as
d*r

d(Qe: Q) ~ Ko(=1)%@n /7 [Q(k +3) + %’Qe +7Qm’2:|

2
exp [% Qe + 7Qum|* = In fB () = In f¥)(=7) — (k + 2) 1n<272>} 7
2
(4.25)
where

_ K N —k—2 k __ 1
Ky = _E(Z) (_1) - A Nk+4)/2

Note that the degeneracy factor is positive or negative depending on whether Q. - @, is

(4.26)

positive or negative. This is natural from the point of view of a black hole solution since
a classical black hole is expected to be bosonic (fermionic) for Q. - Qp, even (odd).

Identifying |d(Qe, Qm )| with e3stat(Qe:Qm) where Sgqr denotes the statistical entropy,
we can rewrite ({.25) as

2

¢ Setat(Qe.Qm) _ / P G (4.27)
72 ’
2
where 7 = (71, 72) or (7,7) depending on the basis we choose to use, and
P(7) = - [21 Qe+ 7Qul* = In f0(7) = In f9)(=7) = (k + 2) In(27y)
T2
o {Ko (2<k +8)+ TjQ. + TQm|2> }] , (4.28)
2

,13,



Note that F'(T) also depends on the charge vectors Q., @, but we have not explicitly
displayed these in its argument. In (f.27) the integration measure d?7/(72)? as well as the
integrand e (") are manifestly invariant under the I';(NN) transformation:

Qe = Qe —bQu Qo — —cQe+dQ, 7— T,
cT +d
a,bec,d€ Z, ad—bc=1, a,d=1mod N, ¢=0mod N. (4.29)

Thus Sstat(Qe, @m) computed from (|.27) is invariant under T'y (V).
We shall now describe a systematic procedure for evaluating Ss:+ as an expansion in
inverse powers of the charges. For this we introduce the generating function:

R 2 N
eW(J) — d_T e—F(T)-f—J"T’ (430)

=

for a two dmensional vector J, and define I'(@) as the Legendre transform of W (.J):

—

(@) = i — W), M:BZ;X (4.31)
It follows from ([£31)) that
T ()
;= . 4.32
As a result if ar (i)
U
_ D 4,
%, 0 atu=dp, (4.33)
then it follows from (f£.30)- ({.33), ([.27) that
[(do) = —W(j: 0) = —Sstat - (4.34)

Thus the computation of Sgq: can be done by first calculating I'(#) and then evaluating
it at its extremum. I'(%) in turn can be calculated by regarding this as a sum of one
particle irreducible (1PI) Feynman diagrams in the zero dimensional field theory with action
F(7) 4+ 2In7y. Since Sy is given by the value of the function —IT'(@) at its extremum, we
can identify —I'(@) as the entropy function for the statistical entropy in analogy with the
corresponding result for black hole entropy [R6, R7].

A convenient method of calculating I'(%) is the so called background field method. For
this we choose some arbitrary base point 7p and define

o 2 o
Wi (. J) / AN Pt Ta (4.35)
(B2 + 12)?
N L= oW (7, J
Do, X) = X = Wa(Fs, 1), xi= AT (1.36)

By shifting the integration variable in (4.35) to 7 = 7T + 77 it follows easily that

=

Wg(7g, J) = W(J)—75-J, (4.37)
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and hence

I'p(73,X) =T'(7p +X) - (4.38)
Thus the computation of I'(%#) reduces to the computation of I'g(@, ¥ = 0). The latter
in turn can be computed as the sum of 1PI vacuum diagrams in the 0-dimensional field
theory with action F(u@ 4+ 77) + 21In(ug + 12), with 7 regarded as fundamental fields, and @
regarded as some fixed background.

While this gives a definition of the statistical entropy function whose extremization
leads to the statistical entropy, the entropy function constructed this way is not manifestly
duality invariant. This is due to the fact that since the duality transformation has a non-
linear action on (71,73), the generating function W(J) defined in ([£30) and hence also
the effective action I'(@) defined in ({.31)) does not have manifest duality symmetries. Of
course the statistical entropy obtained by extremizing I'(#) will be duality invariant since
this is given in terms of the manifestly duality invariant integral (f.2§). In appendix [f]
we have described a slightly different construction based on Riemann normal coordinates
which yields a manifestly duality invariant statistical entropy function. The result of this
analysis is that instead of using the function —I'(7) as the statistical entropy function we
can use a different manifestly duality invariant function —I B(T) as the statistical entropy
function. T'p(73) is defined as the sum of 1PI vacuum diagrams computed from the action

—1In (% sinh yﬂ) = %(732)”@1 ...&, Dy, - Dy, F(7) : (4.39)

n=0 T=TB
where D, Dz are duality invariant covariant derivatives defined recursively through the
relation:

D, (DIDEF(7)) = (9, — im/72) (D DEF(7)),
DA(DIDEF(F)) = (9; + in/ra) (DI DEF(7)), (4.40)

for any arbitrary ordering of D, and Dz in D}*DZF (7). During this computation the
components (£, &) or (&1, &) of E are to be regarded as the zero dimensional quantum fields
and 7p is to be taken as a fixed base point. The result of this computation expresses r B(TB)
in terms of manifestly duality invariant quantity F'(7) and its duality invariant covariant
derivatives.

It has also been shown in appendix [ that explicit evaluation of r B(T) gives

—T'p(?) = 2% 1Qe+7Qm > —In f®)(7) —In f*)(—F) — (k+2) In(272) + constant + O(Q~2) .
(4.41)

Up to an additive constant this agrees with the black hole entropy function for CHL models
calculated in [P7-PJ] using the quantum effective action of these theories [B0, BI].

Acknowledgement: We would like to thank Dileep Jatkar for collaboration dur-
ing initial stages of this work and many useful discussions. We would also like to thank
A. Dabholkar, D. Gaiotto, E. Gava and K.S. Narain for useful discussions. J.R.D. would
like to thank ASICTP, Trieste for hospitality during completion of this work. A.S. would
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A. Counting twisted sector elementary heterotic string states in CHL
models

In this appendix we shall compute

= " dik(lp)e™ o7 (A1)
ll

where di k(I is the degeneracy of the BPS states of a Kaluza-Klein monopole associated
with the compact direction St carrying momentum —[(, along S 1. As discussed in section B,
under a duality transformation dx k (If,) gets mapped to the degeneracy of BPS states of a
fundamental string wound once along S' and carrying momentum —Ij, along S Lin heterotic
string theory on (7% x S')/ Zy x S Since we have a singly wound string along S!, after
orbifolding it becomes a twisted sector state. For computing g(7) we can now proceed
as in [BJ). In heterotic string theory on T° the internal momenta belong to the Narain
lattice embedded in a 28-dimensional Lorentzian space of signature (6,22) [B3, B4]. Let
us denote by gy the generator of the Zy transformation and by V| the subspace of the
28-dimensional momentum space which transform non-trivially under gg. The dimension
of Vj| is equal to the number of U(1) gauge fields which are projected out by the orbifolding
procedure. This in turn is given by [f]

24
20-2k, k=——-2. A2
’ N+1 (#-2)
Let L{, denote the contribution to the Ly eigenvalue of a state from all the left-handed
bosonic oscillators and also from the components of the momentum along V), and L
denote the contribution to the Lo eigenvalue from the right-handed bosonic and fermionic
oscillators. Then we have

Lo—Lo= Ly~ Ly—I/N, (A.3)

since —l() /N is the contribution to Lo — Ly from components of the internal momentum
invariant under gr;. Now level matching condition tells us that Ly — Lo = 0, whereas BPS
condition requires that we have L{, = 0. Thus on these states

Ly =1/N. (A.4)

This allows us to reexpress ¢g(7) as

1= ,
=% ;0 < 2miTN L, ) : (A.5)

where T' r; o denotes trace over states twisted by gy carrying all possible momenta along V),
and involving arbitrary excitation of left-moving bosonic oscillators. We can simplify this
expression by noting that in the twisted sector of the orbifold theory the Zy projection

SAll the components of the right-handed momentum are invariant under gy and hence they do not
contribute to Lg.
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implements level matching. Since we have already implemented the level matching condi-
tion on the states via eq. (A.4), gy acts trivially on these states. In particular the part
of gy that corresponds to 2 /N translation along S! gives a phase of e~ 2milo/N — g—2mily
and this cancels the phase coming from the part of gz that acts on the twisted bosonic

oscillators. Thus we can rewrite (A.H) as

9H

g(r/N) = Tr, (2750 . (A.6)

Since the Lj, in the exponent comes from oscillator contribution and components of momen-
tum along V||, only the part of gy twisting which involves the 16 left-moving coordinates
and the coordinates of T* are relevant for this computation.

Some useful properties of g(7/N) are listed below:

1. From ([A.6) we see that g(7/N) can be identified as an appropriate partition function
with spin structure (0,1) where the spin structure (s,r) represents twisting by g¢f;
and an insertion of gj; in the trace. Since under a modular transformation 7 —
(aT 4+ b)/(cT + d) the spin structure (s,r) gets transformed to

) -0 &

0
we see that the subgroup of SL(2, Z) that preserves the set of spin structures <1>

mod N is determined by the requirement
a,bec,d € 4, ad—bc=1, b=0mod N, d=1mod N. (A.8)

This describes the group I''(N). Thus we expect that g(7/N) will transform as a
modular form of an appropriate weight under the group I''(N).

2. The weight of the modular form may be determined as follows. First of all note
that g(7/N) receives contribution from the 24 left-moving bosonic oscillators. This
contributes —12 to the weight of the modular form. On the other hand g(7/N) also
involves a sum over a (20 — 2k) dimensional momentum lattice embedded in V};. This
gives a contribution of (10 — k) to the modular weight. Thus the net modular weight

of g(t/N) is
24

0-k-12=-k—-2=——7—.
N +1

(A.9)

3. Since g(7/N) receives contribution from only bosonic oscillators, each term in the
expansion of g(7/N) as a power series in e?™7/N has positive coefficients and hence
g(7/N) does not vanish in the interior of the upper half plane.

4. For large Im(7), g(7/N) behaves as
g(T/N) ~ 16e~ 277/ (A.10)

where the exponent —27iT/N comes from the Lj eigenvalue of —1/N associated
with the ground state of the (twisted) bosonic oscillators [, and the factor of 16
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counts the 8 Ramond and 8 Neveu-Schwarz sector states associated with the broken
supersymmetry generators.

5. For small 7 the behaviour of g(7/N) is controlled by the large Im(7) behaviour of the

partition function with spin structure (1,0), 1.e. by the trace of gHe%iLé/T over the
untwisted sector states. Since the untwisted sector ground state has Lj, eigenvalue
—1, this gives:

g(T/N) ~ /T for 7 — 0. (A.11)

From this it follows that g(7/N)~! is a modular form of T''(N) of weight (k+2) without
any pole in the interior of the upper half plane, and behaves as

1 .
(Q(T/N))_l o~ EGQMT/N, for large Im 7,

—2mi/T

~ e for small 7. (A.12)

Since g(7/N)~! vanishes at the cusps 7 = n +ioco, n € Z, and 7 = 0, we conclude that it
is a cusp form of T''(IV) of weight (k + 2). This leads to a unique choice for g(7/N) [Bg:

16

9(r/N) = gy = 10 /M) ™ () T (A.13)
This gives
g(T) — 1627 H {(1 - e27rinT)—N2—il(1 o eQWinNT)—NQ—jfl} ) (A14)
n=1

For N = 1 this reproduces the standard result g(7) = 16n(7)~2* for the partition function
of half BPS states in toroidally compactified heterotic string theory [Bf]. For N = 2 this
result agrees with that of [B7] obtained by explicit computation.

B. Counting states in the supersymmetric field theory with Taub-NUT
target space

In this appendix we will analyze the overall motion of the D1-D5 system in the Taub-NUT
(Kaluza-Klein monopole) space and count the number of states of this system which carry
momenta —Iy along S! and jy along S'. The D1-D5-system wrapped on K3 x S! in flat
transverse space has four bosonic zero modes labelling the transverse coordinates and eight
fermionic zero modes associated with the breaking of eight out of sixteen supersymmetries
of type IIA string theory on K3 x S'. Thus when the transverse space is Taub-NUT, we
expect the low energy dynamics of this system to be described by a (1+1) dimensional
supersymmetric field theory with four bosonic and eight fermionic coordinates, with the
bosonic coordinates taking value in the Taub-NUT target space. Since the world-sheet
coordinate o of this field theory is identified with the coordinate along S!, and since
S/ Zy has periodicity 27/N, the natural unit of momentum along o is N. As a result
a state of the D-brane system carrying momentum —I[y corresponds to a state in this field
theory with Lo — Lo = lp/N.
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We begin our analysis of this field theory by writing down the metric of the Taub-NUT
space:

-1
ds® = (1 + %) (dr* + 1%(d6* + sin® 0d¢?)) + R? <1 + %) (2dip + cosBdg)*  (B.1)
with the identifications:
0,6,9) = (27 — 0,0+ 7,9 + g> = (0,9 +2m ¢ +7) = (0,0, +2m). (B.2)

Close to the origin the metric reduces to that of flat space R* written in terms of Euler
angles 6, ¢,v and r, while for large r it is that of R? x S', with S! parametrized by the
angular coordinate 1. For later use it will be useful to introduce the cartesian coordinates:

m1:2\/7_°cos§cos<1/1+¢>, x2:2ﬁcos§sin<w+¢>,

2 2
z3 = 2¢/rsin g cos (1/) — %) , z* = 2y/rsin g sin (1/) — g) . (B.3)

The metric (B.1) has a global U(1), x SU(2) g symmetry. The SU(2)r symmetry refers
to the usual rotation group of three dimensional space and will not be of interest to us.
The U(1), symmetry acts as

P — P +e, (B.4)

with no action on any of the other coordinates. From the point of view of an asymptotic
observer this is just a translation along the compact circle St parametrized by 1, and the
corresponding conserved charge is the quantum number jo. On the other hand using (B-3)
we see that near the origin the v translation acts as simultaneous rotation along the 1-2
and 3-4 planes. Thus near the origin the contribution to the jy charge can be identified as
the sum of the angular momentum in the 1-2 and 3-4 planes.

Let us now analyze the transformation laws of the fermion fields under U(1), transfor-
mation. Since the fermions transform under the tangent space group, we need to find the
compensating tangent space rotation that accompanies the global U(1);, transformation.
Let SO(4)7 = SU(2)T x SU(2)% be the tangent space rotation group of the Taub-NUT
space, — this needs to be distinguished from the global symmetry group described earlier.
The Taub-NUT space is known to have SU(2) holonomy. We shall choose our convention
such that the holonomy is in the SU(2)Y. To see what this means we use the fact that
for a suitable choice of the tangent space basis vectors (e, e!,e?,e3) the spin connection
w? = wzbdx“ associated with the metric (B.])) is given by [Bg

M (reg)err e, W (rrg )R,

2
w03:—R—(T+R)_2 oz, w23:—E(T+R)_1 Oz,

2 2
2
Wil = —g(r + R)f1 Oy, wl? = <R7(7“ + R)72 — 1> Oz, (B.5)
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where 0,, 0y and o, are a set of one-forms

0, = cos (2¢)) df + sin (2¢)) sin 0d¢ ,
oy = —sin (2¢) df + cos (2¢) sin 0d¢,
0, = cos O0dp + 2dy . (B.6)

Thus near the origin r = 0 we have

1 1 1
W =wB = "0, w? =uw¥ = -Zg,, WwB=w?=—Z0,. (B.7)

2 2 2
If X% denotes the generator of the tangent space group then we see from (B.7) that near
the origin the holonomy group is generated by the combinations X0 4+ £23, 302 4 »31
and ¥% + ¥!2. These generate an SU(2) group, — by our convention this describes the
tangent space SU(2):LF group near the origin. The precise relation between the X*’s and
the generators TV, T2, T3 of SU(2)% are

1 1 1
Tl — 5(2101 + 223)’ T2 — 5(2102 + 231)7 T3 — 5(203 + 212)7 (B8)
so that we have
whs® = — 6, TV — ,T? — 5,T3. (B.9)
Using (B.G) we can express this as
WP = iUy d Uy, (B.10)
where
Uy = e?¥Ts 071 610Ts (B.11)
Now let us consider the effect of a global U(1);, rotation 1) — 1 + e. Using (B.10),
(B.11)) we see that this induces a transformation

wabzab N e2ieT3wabEabef2ieT3 ) (Bl?)

Since T3 is a generator of SU(2)T we see that in order to preserve the action a global U(1)j,
rotation must be accompanied by a compensating SU(Q)% transformation. In particular
the fermion fields x must transform as

x — ey, (B.13)

where T} is to be taken in the representation of SU(2)? in which the fermions transform.

Now we know that the fermions transform in the (1,2) + (2,1) representation of the
tangent space SU(2)¥ x SU(2)% group. Thus half of the fermions are neutral under SU(2)¥
and hence also under the global U(1). On the other hand since the holonomy is in SU(2)7,
there is no coupling of these fermions to the spin connection and they behave as free
fermions. The other half of the fermions, carrying non-trivial SU(2):LF quantum numbers,
are interacting and do transform under the global U(1); group. Furthermore, since type
IIB string theory on K3 is a chiral theory, the world-sheet chirality of these fermions is
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correlated with the chirality under the tangent space rotation group. In particular, the
SU(2) singlet free fermions are left-moving on the D1-D5-brane world-sheet, and the
SU(2)£ singlet interacting fermions are right-moving on the world-sheet.”

This shows that the resulting (1+1) dimensional world-volume theory on the D1-D5
system is described by a set of four free left-moving U(1); invariant fermion fields, to-
gether with an interacting theory of four bosons and four right-moving U(1)z, non-invariant
fermions. Let us first calculate the contribution to the partition function due to the free
left-moving fermions. Since these fermons do not carry any jg charge, their contribution is
given by:

Zfree (ﬁ) = Trfree left—moving fermions ( ( -1 ) F+F€2ﬂiﬁl0+2ﬂiﬁjo ) ’

o
=4 JJ -ty (B.14)
n=1

taking into account the identification lp = (Lo — Lo)/N. The factor of 4 comes from the
quantization of the free fermion zero modes. The latter in turn can be interpreted as due
to the four broken supersymmetries of the D1-D5-system on K3xTaub-NUT space.

Now we turn to the interacting part of the theory. Since we are computing an index we
can assume that it does not depend on continuously varying parameters. Let us take the
size R of the Taub-NUT space to be large so that the metric is almost flat and in a local
region of the Taub-NUT space the world-volume theory of the D1-D5 system is almost free.
In this case we should be able to compute the contribution to the non-zero mode bosonic
and fermonic oscillators by placing the D1-D5 system at any point in Taub-NUT space, —
say at the origin. The contribution from the zero modes however is sensitive to the global
geometry of the Taub-NUT space and should be computed separately.

Since supersymmetry acts on the right-moving bosons and fermions, in order to get
a BPS state the right-moving bosonic and fermionic oscillators must be in their ground
state. Thus as far as the contribution due to the non-zero mode oscillators are concerned,
we only need to examine the effect of left-moving bosonic oscillators carrying Lo = ly/N,
Lo = 0 and angular momentum jo. From (B.J) we see that a translation of v induces
simultaneous rotation in the ! — 22 and 23 — z* plane. Hence we need to compute the
partition function of free left-moving bosons carrying total angular momentum jy in the

x' — 22 and 23 — 2* plane. This is easily done using the result of [B9. The answer is

Zosc (ﬁa f[)) = Troscillators ( ( -1 ) e 627riﬁlo +2mivjo )
oo

1
- H (1 _ eQﬂinNﬁ-l—Qmﬁ)Q(l _ eQﬂinN[)—Zwi@)Z ! (B15)

n=1

The result can be understood as follows. The bosonic oscillators in the 1 — 2 plane and the
3 — 4 plane can be split into complex conjuate pairs which carry opposite units of angular

"This can be seen as follows. Since the bosons are interacting, the free fermions have no bosonic
superpartner, and hence they do not transform under the unbroken supersymmetry of the D1-D5 system in
K3xTaub-NUT space. Thus they must be left-moving. On the other hand the SU(2)% singlet interacting
fermions are the superpartners of the interacting bosonic fields and hence must be right-moving on the
world-sheet.
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momentum. Therefore two of the bosonic oscillators carry +1 unit of angular momentum
and the other two carry —1 unit of angular momentum. The partition function weighted
with the angular momentum is then given by ([B.153).

Finally we turn to the contribution Z, to the partition function from the bosonic and
fermionic zero modes of the interacting part of the theory. Since the intercting theory has
four bosonic and four fermionic fields, the dynamics is that of a superparticle with four
bosonic and four fermionic coordinates moving in Taub-NUT space. Under the holonomy
group SU(2):LF of the Taub-NUT space both the bosons and the fermions transform in a pair
of spinor representations. This system is described by an N = 4 supersymmetric quantum
mechanics. Thus in order to look for BPS states of the D1-D5 system we need to look for
supersymmetric ground states of this quantum mechanics.

So far we have been working at a special point in the moduli space of the CHL string
theory where the circles S' and S! are orthonormal in the asymptotic geometry. In this
case the BPS mass of the D1-D5-Kaluza-Klein monopole system is equal to the sum of the
BPS masses of the D1-D5 system and the Kaluza-Klein monopole. As a result there is no
potential term in the D1-D5 world-volume action and analysis of bound states is difficult.
But this is not a generic situation. Once we switch on a component of the metric that
mixes S! and S' the BPS mass of the D1-D5-Kaluza-Klein monopole system is less than
the sum of the BPS masses of the D1-D5 system and the Kaluza-Klein monopole. In this
case the D1-D5 system in the presence of the monopole has a potential and the system is
easier to analyze. On the other hand the analysis of the dynamics of non-zero modes will
not be affected by this modification since we are computing an index, — hence our results
for Zpee and Zyg should remain unchanged.

The mixing between S! and S can be achieved by replacing the di) term in the
expression for the metric given in (B-]) by d¢ + ady where y is the coordinate along St
and a is a small deformation parameter. This clearly remains a solution of the equations
of motion but gives an r dependent contribution to the yy component of the metric:

R\ !

Agy, = 4a* R? (1 + —) : (B.16)
r

As a result the tension of the D1-D5 system, being proportional to ,/gy,, acquires an

r-dependent contribution proportional to

-1
a’R? <1 + %) (B.17)

to first order in a?. Supersymmetrization of this term gives rise to other fermionic terms.

Thus we have to analyze the dynamics of a superparticle with A’ = 4 supersymmetry
moving in Taub-NUT space under a potential proportional to (B.17). This is precisely
the problem analyzed in [[i, [ in a different context. The result of this analysis can be
summarized as follows. Depending on the sign of the deformation parameter a we have
supersymmetric bound states for jo > 0 or jo < 0, where jy is the momentum conjugate to
the coordinate 1. In the weak coupling limit the number of bound states for a given value
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of jo is given by |jo|. If for definiteness we choose the sign of a such that we get bound
states for positive jg, then this gives the zero mode partition function

2740
. P omitg - e
Z,(0) = Tryeromodes ((—1)F T e2i00) Z Jo 2T = Ok (B.18)
Jjo=1

Since this is invariant under © — —o we shall get the same answer if we had chosen to work
with the opposite sign of a that produces bound states with negative jg.

Finally putting all the ingredients together the partition function of states associated
with the centre of mass motion of the D1-D5 system in Taub-NUT space is given by

Z dCM(l07 j0)627rilo[)+27rijof) - Zfree(/s)Zosc (ﬁy ﬁ)ZZ (QA}) (Blg)
lo,j0

_ —2i0 _—2mio\—2
= 4e (I—e )

% H{ 27ranp) (1 _ eQﬂinN[)—f—Zwi@)—Q(l _ eQm‘nNﬁ—Zwi@)—Q}.

C. Proof of ®,(T,U,V) = &,(NU,T/N,V)

The Siegel modular form which appears in the expression for the dyon spectrum of the
Zy CHL model is given by [§]

&,(U,T,V) = —(ivVN)* 2 exp <2m' (% T+U + V>>

N—1 %ZN 01 —2mils/N (r, s)(4lk/ b2)
H H {1 —exp(2mi(K'T + 11U + bV))}

r=0 l,be Z,k'e Z+3
K/,1,b>0
. SN L e2mils/N o(ris) (41K —b?)

11 {1 — exp(2mi(K'T 41U + bV))}2

r=0 l,be Z.,k'c Z—F
k’,1,b>0

(C.1)

where (k/,1,b) > 0 means k' > 0,1 >0,b€ Zork'=0,l>0,be Zork'=0,l=0,b<0.
The coefficients ¢(™*) have been defined in (B:9)-(B-19). From this definition it follows that
™) (4n — b?) = (775 (4n — b?). Hence the two products in ([C.1) give identical results
and we may rewrite this as

&, (U, T, V) = —(iVN) "2 exp <2m' (% T+U+ V>>

N1 Z;V:Bl e—2mils/N c(r,s)(4lk/,b2)
H H {1 —exp(2mi(K'T + 11U + bV))}

r=0 lbe Z.k'e Z+3
K/ ,1,b>0

(C.2)
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For N =1 this reduces to the familiar weight 10 cusp form of the modular group of genus

two Riemann surfaces [13-[4)].
If we define j = Nk in (C.2), then in the above product r = j mod N, and we get

(U, T,V) = —(ivV'N) ™2 exp <2m' (% T+U+ V))

STV L =2mils/N (5.5 (415 /N —b2)
I1 {1 —exp(2mi(jT/N + 11U + bV))}

lbe Z,je Z
3,1,6>0

(C.3)

Substituting U — T/N, T'— UN in this product and exchanging the dummy indices j
and [ we get:

&, (NU,T/N,V) = —(ivV/N) "2 exp <2m' (% T+U + V>>

Zivz_()l e—2migs/N o(L.5) (415 /N —b?)
11 {1 — exp(2mi(jT/N +1U + bv))}

lbe Z,je Z
73,1,6>0
(C.4)
Now using (B.9) one can check explicitly that®
N-1 ‘ ' N-1 3
Z 6727rzls/N F(],s) (7_, Z) _ Z 6727m]s/N F(l,s) (7_, Z), (C5)
s=0 s=0
and hence from (B.13)
N-1 ‘ N-1 -
Z e—27rils/N C(j,S)(4n _ b2) — Z 6—27‘(‘2]8/]\7 C(l,s)(4n _ b2) ) (CG)
s=0 s=0
Eq. (C.6) shows that the right hand sides of (C.3) and ([C.4) are identical. Hence
&(T,U,V) = ®,(NU,T/N, V). (C.7)

D. The D1-D5 system and SCFT with target space ST K3/ Zy

In this appendix we evaluate the degeneracy of the low lying states of the D1-D5 system
described in sections ] and | for Q5 > 1. Before the Zy orbifolding the dynamics of
the relative motion of Q5 D5-branes wrapped on K3 x S' and @ D1-branes wrapped on
Sl is captured by the ' = (4,4) superconformal o-model with the symmetric product of
Q5(Q1 — Q5) + 1 copies of K3 as the target space [R4]. We shall denote this target space
by SPK3 = (K3)F/Sp, where Sp refers to the permutation group of P elements. The

8For this we need to use the relation ZIIEV*OI En (ZHE) = NEn(7). This follows from the Fourier

expansion of En(7) given in () -

— 24 —



world-sheet coordinate o of this conformal field theory is identified with the coordinate
along S'. We shall first review various aspects of the superconformal field theory with
target space (K3)F/Sp, and then discuss the effect of the Zy projection that is required
to describe a D1-D5-brane configuration on the CHL orbifold.

Let g be an element of Sp and [g] denote the conjugacy class of g. Then the Hilbert
space of the SCFT with target space (K3)”/Sp decomposes into a direct sum of twisted
sectors labelled by the conjugacy classes of Sp:

Co
H = @iy Hy (D-1)

where C4 denotes the centralizer of [g] and Hécg ) refers to the Hilbert space in the g twisted

sector projected by Cy. The conjugacy classes of Sp may be labelled as

9] = (W) (2)F2 - ()™ (D.2)

where (w) denotes cyclic permutation of w elements and P, is the number of copies of (w)
in g. Thus these conjugacy classes are characterized by partitions P, of P such that

> wP,=P. (D.3)

The centralizer C, of the conjugacy class [g] given in (D.9) is given by
C, = Sp, x (Sp, x HE?) x ---x (Sp, x ZL*). (D.4)

If we denote by H,, the Hilbert space of states twisted by the generator w of the Z,, group
of cyclic permutation of w elements, and projected by the same Z,, group, then (D.4)
shows that for the conjugacy class [g] given in (D-2)

M = @us0ST My, (D.5)

Consider first the Hilbert space H,,. This twisted sector is represented by the Hilbert
space of the sigma model of w coordinate fields X;(0) € K3 with the cyclic boundary
condition

Xi(o+27) =wX(o) = Xit1(0), 1€(1,...,w), (D.6)

where w acts by w : X; — X;11. Therefore the w coordinate fields can be glued together
as a single field but in the interval 0 < ¢ < 27w, moving in the target space K3. Thus we
now have a string of length 2mw, — commonly known as the long string, — moving in K3.
The natural unit of momentum on this string is 1/w, and hence if a state of this string
carries physical momentum —[ along S*, it corresponds to Ly — Lo eigenvalue lw.

At this stage it is worth pointing out that whereas for (5 = 1 the quantum number
w can be identified with the winding charge of the D-string, this is not so for Q5 > 1.
Thus we should not regard the long string as a D-string, — rather it provides some effective
description of the dynamics.

Once we know the spectrum of H,,, the full spectrum of the CFT of the D1-D5 system
is obtained by taking the direct product of the spectrum of H,’s and then carrying out
appropriate symmetrization described in (D.§).
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We now turn to the effect of the Z projection that is required in order to get a state
of the D1-D5 system in the Zy CHL model. For this we need to pick a Zy invariant
state from each of the H,,. Thus we need to first study the effect of the Zy projection
in each H,, and then take the direct product of these Zy invariant subspaces followed
by appropriate symmetrization. In particular if we denote by H,, the subspace of Zy
invariant states in H,,, then the full Zy invariant Hilbert space of the D1-D5 system will
be given by

Buws0 STVH,, . (D.7)

The Zy projection on a single long string is implemented as follows. Since the long string
has length 27w, we need to impose periodic boundary condition on this string with period
2mw/N. Since under a translation by 27w/N on the string the physical coordinate along
St gets shifted by 277 /N where r = w mod N, under such a shift the coordinates of the
string along K3 must be transformed by ¢" where ¢ is the generator of the Zy action
on K3. Thus if Z ~ denotes the group generated by g, we can view the long string as a
closed string of length 27w/N with target space K3/ Z ~, belonging to a sector of this
SCFT twisted by g". Since the natural unit of momentum along the string is now N/w, a
physical momentum —I along S would correspond to Lo — Lo eigenvalue of lw/N in the
SCFT describing the dynamics of the long string.
Now from (B.14)) we know that for an SCFT with target space K3/%N

 Trngr (3 () S iz 5) = e (/N — 72). (D.3)
Here J is the angular momentum operator. Also the projection operator for Zy invariant
states with physical momentum —I along S! is:

1 .
N Z e—27rzl5'gvs ) (Dg)
s

Hence the total number of bosonic minus fermionic states in the single long string Hilbert
space, carrying momentum —[ along S' and angular momentum j is given by:

1 : - :
N Z e_QMZSTrRR;gr (G (DN 107 ) = Z e~ 2mils (18) (4w /N — §2) = n(w, 1, j).
S S

(D.10)

According to (D7) the next step is the evaluation of the partition function for the

symmetrized tensor products of the Hilbert spaces H,,. For this we use the following

formula from [[§]. If dsym(Py,w,L,J) denotes the number of bosonic minus fermionic

states in STwH/, carrying total momentum —L along S' and total angular momentum .J,
then

0 )
. . . . o L\ — 0
§ : 2 :dsym(Pw,w,L, J)627rsz+27erv+27rzwa _ I | <1 _ 627rzy+27rzlp+27m]v> n(w,l,j) .
P,=0 L,J lje X4
1>0

(D.11)
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The proof of this given in [ holds provided that the coeficients n(w,1,j) are integers.
Therefore to apply this formula for the Hilbert space H,, we need

N-—1
n(w,1,5) = ") (dlw/N — j2)e >IN (D.12)
s=0

to be an integer. This can be explicity verified using the formulae given in (B.9)-(B.12).

Using the identity in ([D.I1) we can evaluate the generating function for the bosonic
minus fermionic states for the relative dynamics of the D1-D5 system. Eq. (D.7) shows
that all we need to do is to take the product over w of the right hand side of (D.11)).
More specifically, if A'(P,n,J) denotes the total number of bosonic minus fermionic states
carrying total string length 27P/N = 2w} _ wP,/N (counting a single string with
quantum number w to have length 27w/N), total momentum —n along S! and total
angular momentum J, then we have

Z h,(P7 n’ J)627Tl(ﬁn+a'(P—1)/N+®J)

Pn,J
- . . .\ —n(w,l,j)
_ e—27rw/N H H (1 - eQmaw/N—i—szlp-l—ngv)
we Z lje Z
w>0 >0

N-1
_ p—2mie/N H H (1- 62m(p/&+zﬁ+j@))fz;§1 e 2misl/N o(r,5) (4p/|—52)

r=0 p'e Z+3,ljc %
p/>0,1>0

(D.13)

We have multiplied e=279/N on both sides of the above equation to absorb the shift of
unity in the value of P. Also in arriving at the last expression in (D.13) we have defined
p' = w/N. Physically the quantum number P corresponds to P = Q5(Q1 — @s5) + 1.

Let us now evaluate the full degeneracy h(P,n,J) of the D1-D5 system and the Taub-
NUT space, counting each supermultiplet as one state. To do this we need to put in the
contribution from the excitation modes of the Kaluza-Klein monopole and the center of
mass motion of the D1-D5 system. These have already been computed in appendices [A],

B. Putting together all the results we get

f(p,6,0)

Z h(P, n, J)627ri(ﬁn+6(P—1)/N+ﬁJ
Pn,J

N-1
1 . PR P N—-1 _—2misl/N .(r,s) / i2
_ —27i6 /N _2mi(p 6 +Hptji)\ — Son, e 2SN e(ms) (4p'1—52)
61¢ | | I | (1—e )T s

r=0 p'e Z+ ljc %
p’/>0,1>0

Z dC’M(l07 jo)eZWi(loﬁ+j0®) Z dKK(l’O)ezmléﬁ (D14)

lo.50 1

The factor of 1/64 in this expression accounts for the fact that each supermultiplet contains
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64 states. Using (B.9), (B.3) one can reduce the above equation to

N-1
[(p,6,0) = >m OO T T (1= @m0ty =Sy R ilis®)

r=0 p/'= Z+{;,lc Z,j
p/>0,1>0

(D.15)
where the product over j runs over integer values for (p/,1) # (0,0) and runs over only
positive integers (or negative integers) when p’ =1 = 0. Note that the p’ = 0 terms in the
above equation arise from the terms involving doas(lo, jo) and di i (l). Now comparing
the right hand side of this equation with (IC.4) we can write

(iv/N)~F=2
(I)k (ﬁa 5’, /[))
From this point onward the analyis of the degeneracy of the D1-D5 system in Taub-NUT

space proceeds as in section 3 with Q% = 2Q5(Q1 — Q5). We have thus extended the
analysis of section B to the Q5 > 1 case.

f(p.6.0) = (D.16)

E. Zeroes and poles of CAng

As has been shown in [§] the Siegel modular form &, (p,,0) given in (C2) satisfies the
relation:

—21n Cik —2In %k — 2k Indet ImSQ + constant
2

Al b
- °r i 2| x
Z Z /F . Z exp [ miT(ming + mang + 1 )

r,s=0 =0 mi,ma,n2€ Z,mE€ Z+57,b€2 ZA+l

exp <$ |n2(5ﬁ— 52) b 4y F — pmy 4+ m2|2> 627rz‘mls/N hl(r,s) (7_) ’

(E.1)
where -
Q:(f 3) Y =detImQ, (E.2)
v P
and
W) = — L (FO ) £ PO (e 4 Ly
0 203(27, 22) ’ 20
(rs)y _ 1 ) _ prs) 1 E
hy > (T) 2052727 < (1,2) (ry2 4+ 2) . (E.3)

The functions F(*)(r, z) have been defined in eqs. (B.9). The coefficients ¢("*) (4n) intro-
duced in (B.1J) are related to hl(r’s) (1) through the expansion:

h(()r,s) (7_) _ Z C(r,s) (4n)qn , hgr,s) (7_) _ Z C(r,s) (471)(]” ’ q= e2miT

ne #/N ne z/N-1
(E.4)

,28,



From egs. (B:9)-(B-13) it follows that the only non-zero ¢(*) (4n) with negative n are ("% x
(=1) for all N, and ¢("*)(~1 + +) for N = 5,7. They have the values:

C(O’S)(_l) = %a
Am)(=1) =0 for r # 0 mod N,
4
09 (—1 + N) —0,
4 48 .
(rrk)(_ ) = — 2mik /N
T 1+N) NNTON -1 ° , forr #0mod N.  (E.5)

Eq. (E.)) shows that the zeroes and poles of &)k appear only when the 7 integral on
the right hand side of this equation diverges from the region near 7 = ico. Now, if we

(r,s)

2minT in the expansion of h; ", then for large 72, the 7

consider a term proportional to e
integral gives a non-vanishing answer only if
b2

n -+ miny + meang + il 0. (E.6)

Thus after performing the 71 integral, the only 7 dependence of the integrand in the large
Ty region comes from the

T I - -
— 72 ng(ap—vz) + b0 +nyo — pmy + mo 2 (E.7)

factor in the exponent. Since this is negative, the only way the integral can diverge from
the large 79 region is if this vanishes:

’I’L2(55—52) +b5+n15—ﬁm1 + mg =0, (E8)

for some m1, ma, n1, ng, b appearing in the sum in (E.IJ).
Now we have the identity

o1
miny + mang + 1 5(]9% —PR), (E.9)
where
1 —— ~ ~ o~
ph = V% Ina(op — %) + b0+ n15 — pmy + mg{z ,

1 O ~ ~ 12
Pl = BV {mz + na(Gap2 + G1p1 — U7 — D3) — mapy + 101 +bv1}

1 w2 N w2 2
+—= {nz (Ulpl — 01p2 + 20102 — 3p1> +mip2 + 11 (02 — ~—2> — bvz}
2Y p2 p2

b _ Bop1 2

+2 {— + n172 — NovV1 + Ny ipl } . (E.lO)
2 P2 P2

Since p? is positive semi-definite, and since p% vanishes when (E.g) holds, (E.9) shows that

we must have )

b
miny + mono + 1 >0. (E.ll)
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Furthermore the equality sign holds only when p% also vanishes. This requires m; = mqy =
n1 = ng = b = 0. The corresponding divergence is present for all o, p, v and is removed
by a subtraction term [§]. Thus the divergences which depend on &, p, ¥ come from those
values of m;, n;, b which satisfy (E.§) and for which

2
mini + maong + T > 0. (E.12)

This, together with eq. (E.§), now show that we must have

n <0. (E.13)
(r,s)

In other words the only terms in the expansion of h; " responsible for a divergent contri-
bution to the integral ([E.I]) are the ones involving negative powers of q. From egs. (E.4),
(E-j) it now follows that for all N there is a divergent contribution to (E.I) from the
n = —1/4 term, 1.e. the term

) (~1)g 14 (E.14)

in hgr’s). On the other hand for N = 5,7 there are additional divergences from n = —% + %,
1.e. the term

4
c(r,s)(_l + _)q—1/4—|—1/N7 (E15)
N
in hgr’s). Since the subscript of h is odd in both cases, we must have b odd.
First consider the contribution from the ¢("%)(—1) term. (E.f) now gives
o1
mini + mong + Z = Z . (E16)

After estimating the 7 integral in (E.I]) for na(op — v*
easily finds that the divergent contribution is given by

~—

4+ bv +nio — pmy + mo =~ 0, one

N—-1
-9 Z e27m'm1s/N C(T,S)(_l) In ‘n2(’0‘.’2‘)’_ 52) + b0+ N5 — ﬁml + ’I’I’L2|2 ’
s=0
r=mn;N mod N, b=1mod 2, (E.17)

where we have included a factor of 2 due to the fact that the lattice vectors (m, i, b) and
(—m, —ii, —b) give identical divergent contribution. Thus near this region ®; behaves as

25:71 e2mimys/N o(r,s) (-1)

By ~ (n2(5p — %) + b0 +m& — pmy + ma) (E.18)

Using (E.H) we can compute the sum in the exponent. In particular » must vanish for
(") (~1) to be non-zero, and hence n; must be an integer. Furthermore, substituting
c0)(~1) = 2/N in (E.I§) we see that the sum in the exponent vanishes unless m; is an

integer multiple of V. The final result after performing the sum is

Oy, ~ (na(3p — %) + b0 + 15 — pmy +ma)”
formi e NZ,n € Z,be2Z+1, mo,no € %,
~ 1 otherwise. (E.19)
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For N = 5,7 we also have divergent contribution to (E-) from the ¢("*)(—1+ %) term.
In this case (E.q) gives

+ + o _1_ 2 (E.20)
miny mon9 1 = 1 N . .
The divergent contribution takes the form
N—-1 4 )
—2) PN () (1 ~) In [no(6p — %) + b0 + n1G — pmy +ma|” |
s=0

r=mniN mod N,b=1mod 2. (E.21)

Thus E% behaves as

ZNBl e27‘rim1 s/N C(T,S) (,14’,%)

By ~ (n2(5p — %) + b0 + n1& — pmy + ma) == (E.22)
We can compute the sum in the exponent by rewriting it as
N—-1 ' 4 N—-1 ' 4
GRrimis/N () (14 3 ek (14 L) for £ 0 mod N (B.23)
S= ]C:O
Using (E.H) we now get
= om 4 48/(N? —1) f — —1mod N
eQmmls/N c(r,s)(_l + _) — { - /( _ ) or mir = —1 mo ) (E24)
pare N 0 otherwise
This gives

~ _ 2_
By, ~ (n2(57 — 72) + b0 + m5 — pmy +my) Y

for miniN = —1mod N, N #0mod N, be2Z+ 1, mi,ms,ns € Z,
~ 1 otherwise. (E.25)

To summarize, for N = 1,2,3,5,7, &)k has a second order zero at (E.§) for m; = 0
mod N, n; = 0 mod 1 and odd b, satisfying ([E.1). On the other hand for N = 5 and
N =7, &y, also has poles of order 48/(N? — 1) at (E.§) for min1N = —1 mod N, nyN # 0
mod N and odd b, satisfying (E.20). (Note that both for N =5 and N = 7, 48/(N? — 1)
is an integer, and hence the singularities are poles and not branch points.)

F. Riemann normal coordinates and duality invariant statistical entropy
function

In section E we considered 77 = T — 7p for some fixed base point 7p as the fundamental
field in defining Wp(75, f) and I'p(7p, X). In this appendix we shall try to generalize this
by treating

=g (F.1)
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as a fundamental field where g(77) is an arbitrary function of 77 with a Taylor series expansion
starting with the linear terms (1.e. §(0) = 0). In this case the generating function of &

correlation functions will be given by

—~ = 2 7.
Wi(75.J) Z/dine—F(?BJfﬁ)“'ﬁ(ﬁ). (F.2)
(TB2 + 1m2)?

Thus WB(FB, 6) = Sstar- The corresponding effective action is

~ e e~ o OWg(7g, J
Fo(sp, @) = -0~ Waep, 1), = TVETEI) (F3)
From this definition it follows that
8fB (7737 1/7)
J=—"". F4
9, (F.4)
Now suppose 7 is a specific value of 75 for which
T »(70) #(0)
76 570, ¥) =0 1e. —aWB( J) =0. (F.5)
57/)@ 1/7:0 8Jz =0
In this case we have J = 0 for 1; = 0, and hence
T5(7?,0) = —Wp(F?,0) = —Star - (F.6)

We shall now show that fB(FB,ﬁ), regarded as a function of 7p, has an extremum at

7 = 79, From (F.3), (F-4) we see that

-,

Tp(F0 +&0) = —Wp (T<°> +&J=0Tp(F0 + &) /Gw) (F.7)
Now
VBB +Ed) _ / d*n o~ F(Fatetin+7g() _ / 0 rGae e :
(TB2 + €2 + 12)? (TB2 +1m2)?
(F.8)

where in the second step we have made a change of variables 77 — 7 — € Since g(7j — €) =
g(17) + O(€), this shows that

—~ —» —~

Wg(7p + € J) = Wa(7Fs, J) + O(eiJi) - (F.9)

Using this information in (F.7) we get

Fp(FO 4 2.0) = (A0, J = T 5(7O +é, )/ 5 a+0< (7" + ¢, w‘# > .
=0

0v; _
(F.10)

Eq. (F.5) shows that the second term on the right hand side of this equation is of order €,

and J appearing in the argument of the first term is of order e. Expanding the first term
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in a Taylor series expansion in .J, and noting that the linear term vanishes due to (F3),

we get

Tp(F0 +€0) = -Wp(F?, J = 0) + 0(?) = T(F,0) + O(?). (F.11)
Thus ~ .
Using (F.6) and (F.13) we see that the statistical entropy is given by the value of —I'5(7, 0)

at its extremum 7 = 7).

Thus we can identify —I'p(7,0) as the statistical entropy
function. This is computed as the sum of 1PI vacuum amplitudes in the theory with &;
regarded as the fundamental fields.

We shall now show that for a suitable choice of the coordinates 5_: the statistical entropy
function —T' B(7, 6) defined this way can be made manifestly duality invariant. This is done
by choosing E as Riemann normal coordinates. For a given base point 7 we define the
coordinate E for a given point 7 in the upper half plane as follows. We introduce the duality

invariant metric on the upper half plane
ds® = (m) 72(dri 4 dr3), (F.13)

and draw a geodesic connecting g and 7. The coordinate 5 corresponding to the point
T is then defined by identifying |§| as the distance between 7p and 7 along the geodesic
and the direction of E is taken to be the direction of the tangent vector to the geodesic at
75.2 Since the metric (F.13J) is invariant under a duality transformation, it is clear that if
a duality transformation maps 7 to 75 and 7 to 77, then the Riemann normal coordinate
& of 7 with respect to 75 will have the property that \5_7 | = 15\ Thus € and & are related
by a rotation. In order to determine the angle of rotation, we note that under a duality
transformation ([£.29),

dr' = (et +d)2dr. (F.14)
Thus

dr' ler+d)* dr

dr'| ~ (er +d)2 Jdr]

This shows that a geodesic passing through 75 gets rotated by a phase |crg +d|?/(ctp+d)?

(F.15)

under a duality transformation. Hence

. lerp + d|? _cTp+d
~(erp+d)2>  cerp+d

£, (F.16)

where
§ =& +1i&, §=& +i&. (F.17)

Since for given 7p the duality transformation acts linearly on E, the corresponding

—,

generating function WB(FB, J ) and the effective action I's (T, ) will be manifestly duality

9Often one uses the convention that the distance along the geodesic is /g:;(75)€°€7. This definition
differs from the one used here by a multiplicative factor of 72p. Since this transforms covariantly under a
duality transformation, both choices of £ would give manifestly covariant Feynman rules.
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invariant under simultaneous transformation of 73, J or 1; and of course the charges Q.
and @Q,. In particular the 1PI vacuum amplitude r B(7, 6) will be duality invariant under
the transformation ({.29).

We shall now give an algorithm for explicitly generating duality covariant vertices in
this O-dimensional field theory. For this we need to expand the duality invariant function
F(7) in a Taylor series expansion in 5 This is given by:

1
F(7) =) —(782)"8i, - & Dy Dy, F(7)| (F.18)
n=0 T=TB
where D; denotes covariant derivative with respect to 7;, computed using the affine con-
nection F;k constructed from the metric (F.1J). We arrive at (F.1§) by using the result
that in the 5 coordinate system symmetrized covariant derivatives are equal to ordinary
derivatives. Using this we can replace ordinary derivatives in the Taylor series expansion
to covariant derivatives with respect to &;. In the second step we use the tensorial trans-
formation properties of covariant derivatives to convert covariant derivative with respect
to & to covariant derivative with respect to 7;. The (752)" factor in (F.1§) arises due to

the fact that near 7 = 75,
dri = Tp2d&; . (F.19)
In the (7,7) coordinate system the non-zero components of the connection are
s o

PTT_T_Q’ r =T (F.20)

il

The curvature tensor computed from this connection has the form
Rijkl = —(529]‘1 - 5f9jk), (F.21)
which shows that the metric (F.1J) describes a constant negative curvature metric. From
(F.20) it follows that
DADPDEF(F)) = (0, — im/m) (DT DEF(7)),
DA(DI"DEF(R)) = (9 + in/rs)(DI"DF(P)) (F.22)
for any arbitrary ordering of D, and Dz in DM D2F(7). (F-29) provides us with explicit

expressions for the covariant derivatives of F appearing in (F.1§). Also using (F.29) one
can prove iteratively that under a duality transformation

ct+d
cT+d

(7o) D" D2 F(7) — < )m_n (12)™ ™ DI"D2F(7), (F.23)

under a duality transformation. This establishes manifest duality covariance of the vertices
constructed from ([F.1§).

We also need to worry about the contribution from the integration measure. The
original measure d?7/(73)? was duality invariant. Since duality transformation acts on E
as a rotation, d¢ is also a duality invariant measure. Thus we must have

d*r =

o = s d, (F.24)
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for some duality invariant function J (73, E ). It has been shown in appendix [ that

—

J(8,€) = %sinh\g]. (F.25)

We can now regard —In J (75, E) as an additional contribution to the action and expand
this in a power series expansion in ¢ to generate additional vertices. Using the expression

for F(7) given in (.2§) we now see that the full ‘action’ is given by

—

F(7)—InJ(rp,§) = — [% Qe + 7Qum[* —In f¥)(7) —In f®)(—F) — (k + 2) In(27)

+1n {K07_1|Qe +7le2} +lnj(TB,§)
2

2(k + 3)7 >

+In(l4+ —"-"ZT—
n< W‘Qe"‘TQmP

(F.26)

In this expression the first term inside the square bracket is quadratic in the charges, the
last term contains terms of order Q2" for n > 1, and the other terms are of order Q.
Thus in order to carry out a systematic expansion in powers of inverse charges we need to
regard the first term as the tree level contribution, the last term as two and higher loop
contributions and the other terms as the 1-loop contribution. We can now evaluate the
effective action T B(7TB) in a systematic loop expansion. The leading term in the effective
action is then just the first term in (F.26) evaluated at 7 = 75:

= e
Lo(7p) = _%‘Qe+TBQm’2- (F.27)

At the next order we need to include the tree level contribution from the rest of the terms
in the action (except the last term which is higher order) and one loop contribution from
the first term. The former corresponds to these terms being evaluated at 7 = 75, 1.e. £ = 0.

—

Since J(75,& = 0) = 1, we get this contribution to be

In f®(r5) +In fB(—7p) + (k + 2) In(2m2p) — In {KO é‘@e + TBQm‘z)} - (F29)

For the one loop contribution from the first term in the action we need to expand this term
to quadratic order in ¢ using eqs. (F.1§), (F.23). The order & and &2 terms are given by

T

{g(Qe + QmTB)2 + g(Qe + meB)z} - 4L ‘Qe + TBQm‘2 gf . (F29)
2B 2B

4T

The linear term in 5 do not give any contribution to the 1PI amplitudes. The contribution
from the quadratic term gives

1
In (@ Qe + TBQmP) ) (F.30)
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Thus the complete one loop contribution to the effective action is given by
fl(TB) =1In f(k)(TB) +In f(k)(—?B) + (/{) + 2) 1n(27‘23) — 1I1(47TKO) . (F?)l)

Up to an additive constant this agrees with the black hole entropy function for CHL models
calculated in 7).

—

G. The integration measure J (75, ¢)

In this appendix we shall compute the integration measure J (FB,E) which arises from a
change of variables from 71,79 to the normal coordinates:
d’r

(12)?

= J (75, 6) d*¢. (G1)
We first note that the duality invariant metric

1
—(dr{ +d73) (G.2)

Ty

describes a metric of constant negative curvature —1. Since this is a homogeneous space,
J (7B, &) cannot depend on 7p. Furthermore with an appropriate change of variables we

can bring the metric and measure to the standard form:

2

ds® = d#?* + sinh® 0d¢? T Gnhodo de. (G.3)

Since J is independent of the base point 75, we can calculate it by taking the base point
to be at & = 0. The geodesics passing through this point are constant ¢ lines, and the
length measured along such a geodesic is given by 6. Thus we have

—

&= (0cosop,fsing). (G.4)

This gives
d?¢ = 0dodé . (G.5)

Comparing this with ([G.3) we get

d?>t  sinh6 , 1 . =5
Thus
L1 .
J(7B,§) = — sinh [¢]. (G.7)

€]
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